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SUB-THRESHOLD STUDY OF THE AWMUTHAL MODES 

OF "HE KADOMTSEV mAsMA INSTABILITY* 

by D. A. k c h i t a l  and E. H. Holt 

Rensselaer Polytechnic I n s t i t u t e  

Anomalous e f f ec t s  appear when a positive column plasma is  immersed i n  a 
strong longitudinal dc magnetic f i e l d  (ref. 1). 
large extent, explained by the  s t a b i l i t y  considerations presented by Kadomtsev 
and Nedospasav (ref. 2) who linearized the  momentum and continuity equations 
f o r  electrons and ions and showed t h a t  a he l i ca l  perturbation w i l l  grow 
exponentially when the longitudinal magnetic f i e l d  exceeds a cer ta in  c r i t i c a l  
value, B . 

These e f f ec t s  were, t o  a 

C 

I n  discussing t h e  anomalous s t a t e  of t h e  posi t ive column it i s  common 
pract ice  (refs.3-5) t o  use t h e  l inearized theory t o  predict  t he  c r i t i c a l  value 
of t h e  magnetic f i e l d  ( B  ) and t h e  character is t ics  of t h e  fully developed 
h e l i c a l  i n s t ab i l i t y .  HGever, non-linear e f fec ts  are e s sen t i a l  t o  t he  a t ta in-  
=en% crf t h e  eq1~5l5br5m anomalous condition which is  normally studied experi- 
mentally. 
sub-threshold study, t h a t  i s  when 
about t h e  onset of t h e  in s t ab i l i t y .  
t h e  plasma when it is  perturbed at  frequencies i n  t h e  neighborhood of t he  he l ix  
frequency and when t h e  magnetic f i e l d  is  brought close to,  but does not reach, 
t he  c r i t i c a l  value 
perturbation theory. 

I n  t h i s  connection Ichimaru (ref. 6) recently pointed out t ha t  a 
B 4 Bc, should y ie ld  valuable information 

In par t icu lar  t he  experimental study of 

Bc, w i l l  more closely match t h e  assumptions of t he  l i nea r  

Excitation of a h e l i c a l  perturbation i n  a magnetoplasma w a s  f i rs t  reported 

I n  the  following w e  report t h e  extension of t h e  technique t o  
by Nishida, et  a 1  (ref. 7) i n  a mercury vapor discharge at  a pressure of several  
m i l l i t o r r .  
d i f f e ren t  experimental conditions, and i t s  application t o  the  study of the  
h e l i c a l  modes of t h e  Kadomtsev ins tab i l i ty .  

W e  have performed a sub-threshold experiment on a helium posit ive column 
A variable fre- 

A aec~ii4 s-hibr 

i n  a longitudinal magnetic f i e l d  at a pressure of 0.38 Torr. 
quency signal source wasnconnected between a pair of probes inserted i n  t h e  
discharge and spaced 180" apart  i n  a cross-sectional piarie. 
pa i r  of probes, located 40 cm fa r ther  down the column w a s  used t o  detect t he  
transmitted signal. I n  the  absence of a transmitted signal strong osci l la t ions,  
indicat ing the onset of a Ihdomtsev type ins tab i l i ty ,  occurred at  a magnetic 
f i e l d  s t rength of 2100 gauss. 

The frequency spectrum of t h e  received signal as a f'unction of the  applied 
magnetic f i e l d  i s  shown i n  Figure 1. 
a d i s t i n c t  resonance occurred i n  the  received signal. 
amplitude versus frequency obtained by Nishida e t  al. showed a broad maximum. 

As the  c r i t i c a l  f i e l d  strength was approached 
The plot of signal 

* 
Preprint  of an a r t i c l e  appearing i n  Appl. m s .  Ietters, 2, 321 (1966). 
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By contrast, t he  w e l l  developed resonance e f fec t  which w e  obtained enables 
quantitative comparisons t o  be made between the l inear  and non-linear regimes 
of plasma behavior. 
Figure 1 i s  16.2 kc whils t  w i t h  t h e  plasma exhibited self sustaining 
osc i l la t ions  a t  a frequency of 16.3 kcy Clearly, i n  t h i s  case, t h e  use of 
t he  l i nea r  assumption i n  the  Kadontsev theory does not of i tself  introduce 
substant ia l  e r ror  i n  the calculation of t h e  frequency of the non-linear strong 
osc i l la t ion .  

Thus the  sub-threshold resonance frequency shown i n  
B = B 

Received 

I Si!ma‘ 

BZO 
Figure 1. Sub-Threshold Response 
Spectra of a H e l i u m  Posit ive Column 
a t  a Pressure of 0.38 Torr. I 
Bc = 2100 gauss and f = 16.3 kc. 
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A 

The second objective of t h i s  l e t te r  i s  t o  show how t h i s  technique m a y  be 
applied t o  the study of the several  modes of the Kadomtsev in s t ab i l i t y .  W e  
have previously shown both theore t ica l ly  and experimentally how these modes 
are affected by the  presence of a weak transverse magnetic f i e l d  (ref.  8). 
The theory predicts that the  m = 2 mode becomes less s table  than the m = 1 
mode when the  transverse magnetic f i e l d  exceeds a cer ta in  value. 
data c i ted  in the previous study showed a f u l l y  developed osc i l la t ion  of the 
m = 1 type occurring i n  the presence of small transverse magnetic f i e lds  and 
a fully developed osc i l l a t ion  of the  
f i e l d s .  The poss ib i l i ty  exis ted t h a t  the m = 1 mode was basic t o  a l l  these 
i n s t a b i l i t i e s  and was i n i t i a l l y  present when the  c r i t i c a l  conditions were m e t  
but was then overtaken i n  the  case of la rger  transverse f i e l d s  by the  
mode as the  non-linear mechanisms began t o  control  the growth of t h e  in s t ab i l i t y .  
If t h i s  were the  case the  
the m = 1 mode, reminiscent of t h e  observation that the  m = 0 mode requires 
t h e  

Experimental 

m = 2 type occurring f o r  la rger  transverse 

rn = 2 

m = 2 mode would require  the  i n i t i a l  presence of 

m = 1 mode t o  drive it, as w e  have previously shown (ref.  8) 
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The s-iib-threshold excitatiorr technique may be simply extended t o  resolve 
t h i s  question, as  w e  show i n  the  resu l t s  presented i n  Figure 2. 
response spectra are shown Over an extended frequency range f o r  two values of 
the  transverse magnetic f i e ld .  The frequency of the  osc i l la t ion  of the f'ully 
developed in s t ab i l i t y  i s  indicated by an arrow i n  each case. 

Sub-threshold 

The upper curve shows a plasma condition f o r  which the  m = 1 mode is  
less s table  (or  grows more rapidly) than the m = 2 mode. Under t h i s  condition 
the  m = 1 mode dominated the fully developed ins tab i l i ty .  By contrast t he  
lower curve i l l u s t r a t e s  a plasma condition f o r  which the  
s tab le  than the  m = 1 mode, and i n  the same way it i s  now t he  m = 2 mode 
which grows t o  dominate the  filly developed ins tab i l i ty .  Thus the  m = 2 mode 
i s  a genuinely independent mode of ins tab i l i ty .  

m = 2 mode i s  less 

Figure 2. Sub-Threshold Response 
Spectra as a Function of the Applied 
Transverse Magnetic Field. The m o w s  
indicate the  frequency of self sus- 
ta ining osc i l la t ions  that appear when 
the  magnetic f i e l d  is  increased above 
the critical value (Bc). 
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I I I  

W e  conclude that a sub-threshold study can yield valuable information 
about plasma ins t ab i l i t i e s .  I n  the present case, our pre-onset study has 
provided experimental confirmation of the  theoret ical  prediction that a switch 
f r o m  the m = 1 mode t o  the m = 2 mode will occur when a sui table  increase 
is made i n  the strength of the transverse magnetic f i e l d  applied t o  a posit ive 
column p la sm immersed i n  a strong longitudinal magnetic f ie ld .  
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